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We consider the second-order matrix differential equation (N — 1)¢ = 0,
(0 < x < o) and discuss the sufficient conditions on the coefficients under
which the equation is not limit-2 at infinity,

§l. Let N denote the matrix differential operator

= () 4 + 1o (%)

d

N=
() - i (a0 ) +aw

.(1.1)
and ¢ a vector having two components U = U(x) and V = V(x) represented as a

column matrix (U .
vV

Po(X), go(x), pi(x), ¢:(x) and r(x) are all real-valued functions of x defined in
[0, oo) satisfying

(i) po(x), go(x) are continuous and possess continuous derivatives on [0, X]
forall X > 0;

(i) po(x), go(x) > 0 for all x € [0, oo);
(iii) py(x), qi(x), r(x) € L [0, X] forall X > 0,

In an earlier paper the author (Bhagat 1969) has shown that for each A such
that imA £ 0, the matrix differential equation

(N—-2¢=0 (0K x < o) (1.2)

has at least two linearly independent solutions which belong to L? [0, o). Equation
(1.2) may have three or all the four linearly independent solutions belonging to
L2 [0, oo). .

We say that the eqn. (1.2) is limit-2, limit-3 or limit-4 at infinity according as
it has two, three or four linearly independent solutions belonging to L2 [0, co). For
similar classification of fourth order differential equations one may refer to Everitt
(1962, 1963).
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Everitt (1972) has discussed the limit-circle classification of second-order
differential equation

My=—(p)Y +qr =% 0<x<0o)
and he has proved that, if
(a) p isabsolutely continuous on [0, X] for all X > 0;
(b) g > — kx4 almost everywhere on [0, oo);
(€) | p| < mx23 forall x € [0, oo);

where k and m are non-negative constants, then the formally self-adjoint fourth-order
differential equation

YN(x) — (p() POEND + (g(x) — N X)) =0 (0 < x < o)
has exactly two linearly independent solutions, for each A such that imA 3£ 0, which

belong to L2 [0, oo).

Shaw and Bhagat (1974) have proved that under certain conditions to be satisfied
by the coefficients the eqn. (1.2) has exactly two linearly independent solutions for
each A such that im £ 0, which belong to L2 [0, ). One can also refer to Gadamsi
and Mahto (1978) for another theorem on the limit-2 case.

In the present paper, we first state and prove sufficient conditions on the
coeflicients under which egn. (1.2) is not limit-2 at infinity (§3). In §4 we discuss
eqn. (1.2) in which the coefficients are of the form ax=.

§2. Let D denote the subset of L? [0, =o) of vectors defined by

o= (4 er

(@) ¥(x) € L2[0, oo);

(b) y'(x) is absolutely continuous in [0, oo);

(c) Ny(x) € L*[0, eo).

Let [7,7,l(x) denote the bilinear concomitant of two vectors

0= (45) 0= ()

defined by (Shaw and Bhagat 1974, §2)

[uyed (6) = po() (U T, — UTL) + gx) (V1 7, — ViP ).
w(21)
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Green’s formula for these vectors is given by

X - =T

(I) (¥, Ny: — y, Ny dx = [y.]1 (X) — [7:2:] (0). -(2.2)
From (2.2) it follows that [y,y,] (X) tends to a finite limit as X — oo forally,, y, € D.

It follows from Shaw and Bhagat (1974, §2) that eqn. (1.2) has exactly two linearly
independent solutions for each A such that imA 5% 0, which belong to L2 [0, o), i.e.
(1.2) is limit-2 at oo, if and only if

lim [y3,] (X) =0 -(2.3)
X

forall y,, y, € D.
§3. We now prove the following theorem :

Theorem — Let py(x), qo(x), pi(X), q:(X), r(x) in eqn. (1.2) satisfy the condi-
tions (i), (ii) and (iii) of §1 and also satisfy the following conditions

(@) py(x), g,(x), p,(x), g,(x) are absolutely continuous on [0, X] for all X > 0;
(®) py(x), 95(x), P} (x), g1 (x) € L2 {0, X] for all X > 0;

(©) pi(%), q(x) < 0 forall x € [0, o0);

(—Pop) " r(—p,p,)-t/s .
@ ((—qqul)"l/“ ) and (r(—q:qll)-lld ) € L? [0, oo);

{Po(Pop1) (—Popi) 3% .
© ({qo(qoql)’ (—God0) 51y )€ L2 [0, o0);

then eqn. (1.2) is not limit-2 at co.

In order to establish that (1.2)is not limit-2 at infinity it is sufficient to show
that there are vectors y,, ¥, € D such that

A}im [y3: (X) £ O. (33D

Let us take y,(x) = y,(x) and determine y,(x) by

X

(—Po(x) py(x))1/* exp [i Of {— %}m dz]

7(x) = , X E[0,00). ..(3.2)

X

(= 9u(¥) 4,(¥) T exp [i [ {- g—:—g;}”‘ dt]
[}]
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By actual calculation (details being omitted) it can be shown that
Dl (%) = — 4i (x € [0, =0)), .-(3.3)
y, € L% [0, oo), by conditions (c) and (d),

y, is absolutely continuous in {0, o), by condition (a),

and

e o] o0

T INyy 1= dx < THE (ol—pop) ™ (op)) o+ 1(— a1

+ {1 (9e(— 9091 (9041)Y + 1(—Pop1) 1] dx
< oo, by conditions (d) and (e).
Hence Ny, € L2[0, o=).
Thus y. € D.
Now from (3.1) and (3.3) it follows that the differential eqn. (1.2) is not limit-2

at oo,

§4. Theorem — In (1.1) let py(x) = ayx®1, go(x) = a,x*z, Di(x) = —byxP1,
g,(x) = —b,xBz and r(x) = cx¥ where a, g, by, by, ¢, uy, @y, 1, By and y are real
constants satisfying the conditions

(i) a, #0, a, % 0:a, and b, are of the same sign and so are a, and b,;
(i) a, +8,>2, o+ B>2;
(i) oy, wy < 2;
(iv) 4y <min (o, + B — 2, & + B — 2);

then eqn. (1.2) is not limit-2 at oo.

We shall define vectors y,(x) and yy(x)in D satisfying

lim [y,,] (x) # 0.

X->o00
Let us take
X
Hyx)exp [i § Sy(2) di]
a

yi(x) = yo(%) = .
Hy(x) exp [i [ Sy(¢)dt]/»
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where
Hi(x) = (aybx*11P1)"2/4, Hy(X) = (abpx>2+B2)-1/4

.
Sy(x) = (% xal—al)“z, Sy(x) = (Zixsz—az)m_ J:> (A1)

2

Then by actual calculation
[yl (x) = —4i (a < x < oo, ..(4.2)
and
, X X
(— ax*1H (x)) exp [i § Sy(t) dt] + cxYHy(x) exp [i | Sy(t)dt]
Ny, = ! ‘
X X
(— apx=2H, (x)) exp [i [ Sy(t) dt] + exvHy(x)exp [i | S,(t)di]
a a
. ...(4.3)
By condition (i), Hy(x), Hy(x), S(x) and S,(x) are all real valued.

By condition (ii)
(Hl(x)) e L2 [a, oo)

Hy(x)
and so
yi(x) € L? [a, oo).
Now
Hif) (x) = O(x"((o:1+81)/4)—r) and H;r) (x) — O(X—((¢2+32)/4)-f),
0 r<2
Hence
o [2e]
‘{ [ Nyl 2dax < f {[(— ax*1H ) + exVH,)?
a
+ [(— agx2H) + cxVH, P} dx
< oo, by conditions (ii}, (iii) and (iv).
Thus y1 € D and lim [y,p.} (x) #% 0.

X >0

This completes the proof of the theorem.

It has not been possible for the author to find sufficient conditions under which
eqn. (1.2) is limit-3 or conditions under which it is limit-4.
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